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Staggered eight-vertex model with four sublattices? 

K Y Lin and I P Wang 
Physics Department, National Tsing Hua University, 855 Kuang Fu Road, Hsinchu, 
Taiwan, Republic of China 

Received 14 September 1976 

Abstract. We have studied the staggered eight-vertex model on a square lattice which 
allows different vertex weights for the four sublattices of the square lattice. The soluble case 
of a free-fermion model is solved by the Pfaffian method. It is shown that our model may 
exhibit up to five phase transitions. In general the specific heat has logarithmic singularities, 
except in some special cases where the system exhibits first- or second-order phase 
transition(s). 

1. Introduction 

Recently Hsue et a1 (1975) studied the staggered eight-vertex model on a square lattice 
which allows different vertex weights for the two sublattices. They considered the 
soluble case of a free-fermion model which can be solved by the Pfaffian method. Their 
model may exhibit up to three phase transitions. In general the specific heat has 
logarithmic singularities, except in some special cases where the system exhibits 
second-order phase transition and the specific heat diverges with an exponent a = i. 
The staggered eight-vertex model on a KagomC lattice$ was considered by Lin (1976a) 
and the corresponding free-fermion model may exhibit up to five phase transitions. The 
Ising model on a Union Jack lattice which has three phase transitions (Vaks et a1 1965) 
is equivalent to a special case of the staggered eight-vertex model on a square lattice 
(Hsue et a1 1975). 

The purpose of this paper is to generalize the results of Hsue et af to the staggered 
eight-vertex model which allows four different vertex weights for the four sublattices of 
the square lattice. Our model is described in § 2. Symmetry relations are discussed in 
§ 3. When the vertex weights satisfy the free-fermion condition, the model can be 
solved by the Pfaffian method (Montroll 1964). The Pfaffian solution is given in 8 4. 
There are five cases where the free-fermion condition is satisfied at all temperatures. 
These cases are discussed in § 5 .  Our conclusion is given in § 6. 

2. Definition of the model 

Place arrows on the bonds of a square lattice L of N sites and allow only those 
configurations with an even number of arrows pointing into each vertex. The four 

t Supported by the National Science Council, Republic of China. 
$This model is equivalent to a special case of the 32-vertex model on a triangular lattice (Lin 1976b). 
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sublattices of L are denoted by A, B, C, and D, as shown in figure 1. The eight 
configurations allowed at each vertex are shown in figure 2, where each vertex type is 
assigned a weight. Let the vertex weights be 

(0) = {@I, 0 2 ,  * . * 3 o s }  

(0’) = (0 ;, o;, . . . , og 
(U”} = {ay, o;, . . . ,U:}  

{o”’} = {U?, U; ,  . . . , or} 

on A 

on B 

on C 

on D. 

Figure 1. The square lattice with four sublattices A, B, C, and D. 

Figure 2. The eight-vertex configurations and the associated vertex weights. 

The partition function is 
= C(no~i)(norn:)(n~r~:,(no~n:) 

where the summation is extended to all allowed arrow configurations on L, and 
ni(nl,  nf ,  n y )  is the number of the ith-type sites on A(B, C, D). The goal is to compute 
the ‘free energy’ 

1 
$ =  lim-1nZ. 

N-mN (3) 

In a physical model, the vertex weights are interpreted as the Boltzmann factors 

wi = exp(-pei) w l =  exp(-pe[) of = exp(-pef) o y = exp( -pe y )  

where p = l / kT ,  k is the Boltzmann constant, T is  the temperature, and ei, el, ef ,  e? are 
the vertex energies. 

(4) 
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Under this condition the partition function is equal to a Pfaffian which is evaluated in 
the appendix. The result is 

where 
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U 4  = W,Wk +wgw; u 5 u 6  = W 1 0 3 W  f W 2 W 4 W ; W i  + W 5 W 7 0 L W A  + 0 6 0 g W  

and our solutign (13) indeed reduces to the previously known expressions. The special 
case of w7 = w8 = W ;  = W A  = U :  = W :  = U? = = 0 was considered by Lin and Tang 
(1976). 

It is easy to check that F ( 8 , 4 )  = 0 at these following points: 

e = 4 = o  fl, = a 2  + a 3  + a 4  

e = 4 = T  f l 2  = + a 3  + a 4  

e=O, 4 = T  f l 3 = a i + f l , + f l 4  

o = T ,  4 = 0  f l 4  = fl, + a 2  + f l 3 .  



818 K Y Lin and I P Wang 

5. Exactly soluble models 

The free-fermion condition (12) can be satisfied at all temperatures provided the vertex 
energies ei,  el, e: ,  e: satisfy some identities. There are five exactly soluble models 
(others are related to them by symmetry): 

(1) e l + e 2 = e 5 + e 6  e3  +e4 = e7+ea 

e ; + e : =  e ; + e &  e;+ei=e;+eg 
= e y + e r  e r + e y =  e y + e r  

(2) e l + e 2 = e 5 + e 6  e3 +e4 = e7+ e8 

e ;  + e: = e ;  + e ;  e ;  + e ;  = e,"+e," 
e y + e r  = e y  + er 

(3) e l + e 2 = e 5 + e 6  e3 +e4 = e7+e8  

e ;  +e:  = e;+ek e;+ei=e;+eg  
= ey+eg!  e y + e y = e y + e ;  

(4) e l + e 2 = e 5 + e 6  e3  +e4 = e7 +e8 

e;+eG = e : + e &  e ; l+e :  = e,"+e," 
+ = e y  + er e , " + e y = e ; l + e ;  

(5) e l + e 2 = e 5 + e 6  e3 + e4 = e7 +ea 

e;+ek=e;+e;1 e ; + e ;  = e,"+e," 
= = ey+eE;'* 

el,+e; = e;+ek 

e,"+e,"= e,"+e," (19) 

In general, all the zeros of F ( 8 , 4 )  are given by (15) and the critical temperature T, is 
determined by A( T,) = 0 where 

A( T )  = fl, + f12 + f13 + f13 - 2 max{R1, f12, f13, f14}. (21) 
Since neither (I nor its derivatives can be expressed in terms of known functions except 
in special cases, we shall confine our discussion to the critical behaviour of +. To be 
specific, we consider the non-analyticity of (I at fll = f12 + f13 + f14. Following Hsue er al 
(1975, equation (49)), we expand F(8,&)  about 8 = 4 = 0 and get 

(IsinguIar-I, del ,  d+ ln[(ai - f12- .n3-~4)2+pe2+qw +r421 (22) 

where 

p = (fl, - f14)(f12 + a,) - 4(a - c - e + g + h ) 

q = 4f15f16- 2f11f12 - 2f13f14+4(c + d  -e -f- 2g + 2h) 

r = (fl, - f13)(f12 + f14) - 4(6 - d - f + g + h ) 

and only the lower integration limits are needed. One finds (Hsue et a1 1975) 

+singular (T -  1nI T -  T ~ I  if q2  z 4pr. (23) 
The specific heat diverges logarithmically. Since A(T,) = 0 may have as much as five 
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solutions, the system may exhibit up to five phase transitions. To see this, let us consider 
the following case: 

el  = e2 = e5 = e6 = e: = e;  =eh = 0;) 

e3+e4 = e7+e8 

el;+e; = e;+el  

e ;+e;  = e;+eA 

e;+e: = e,”+e,” 
e y + e y  = e? +e[:  = + e r ,  

Itfollowsfrom(24) t h a t w e h a v e a = b = c = d = e = f = g = h = O a n d  

a, = w3#;03Ww~ 

a3 = w3w $w ;w y 
= w3w iw ;oy  + w4w;w y + w7w + 0 8 0  r 

(25) 

a4 = U 3 0  y + w4w i6.):wy + 07w Lwzw 7 + 0 8 0  ;w,”&J r, 
In this case it can be shown (Green and Hurst 1964, 0 5.3) that the first derivatives of 1,4 
can be expressed in terms of the complete elliptical integrals of the first and third kinds, 
consequently the second derivatives of + have a logarithmic divergence. The critical 
condition A(TJ = 0 may have five solutions. For example, if 

e3 = e4 = e7 = e8 = e ;  = e $  = e;  = e;  = e;  = e l  = e: = e ;  = e;  = = e r  = 0 
e l l = e y = e [ : = e ; = e r = e y = E ,  (26) 

e r = e ; = 0 . 1 5 ~  e ;  = e: = 1 9 ~  

then we have 

a,=1 

1 a2 = 2(e-0.15Bf+ e-20Be 

- -2OBc 
3-e  

a4 = 4e+‘ 

and the critical condition implies 

a1=a*+a3+a4 at P E  = 4.8 

a2 = a, +a3 +a4 

a4 = RI+ a2 + 
at P E  = 4.3, 2.2 

at P E  = 0.32, 0.07. 

The condition q 2  = 4pr implies that there exist zeros of F ( 8 , 4 )  = 0 which are not 
given by (15) (Hsue et a1 1975). In this case the system exhibits first- or second-order 
phase transition. To see this, let us consider the following two cases. 
(1) e l = e 2 = e 5 = e 6 = e ; = e ~ = e ; = e ; , = e ; l = e z = 0 ; )  

(29) 

(30) 

(31) 

e3 = e4 = e7 = e8 = e ;  = e;  = e;  = e;  = e: = e;  = e: = e;  = e ;  = e { =  e;’= 0 

e y = e y = e y = e r = E  = er  = ie[: = SE 

(2) e,  = e8 = e;  = e;  =e;= e l  = = e r  = 0;). 

In the first case we have 

Re, 4) =a;+n:+ 2 0 ~ 0 ~  COS e 
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wherz 

n2 = (1 + e-’pf)’ a4 = 2 e-p‘. 

It follows from equation (3 1) that 

= In max{R2, a,} (32) 

where the first derivative of has a jump discontinuity at n2 = i14 (first-order phase 
transition) and the critical condition n2 = n4 has two solutions at P E  = 0.31 and 0.59. 
The second case is the staggered ice-rule vertex model which has been examined in 
detail by Lin and Tang (1976). In the second case the system may exhibit up to three 
second-order phase transitions and the specific heat diverges with an exponent 4 either 
above or below each transition temperature. 

6. Conclusion 

We have generalized the results of Hsue er a1 (1975) to the staggered eight-vertex 
model on a square lattice which allows four different vertex weights for the four 
sublattices. There are five different cases where the vertex weights satfsfy the free- 
fermion condition at all temperatures. We have considered these soluble models and 
found that the system may exhibit up to five phase transitions. In general the specific 
heat has logarithmic singularities except in some special cases where the system may 
exhibit up to two first-order phase transitions or up to three second-order phase 
transitions (a or CY’ = 4 at each transition temperature)t. 

Appendix. Pfafiian solution 

Expand each site of L into a ‘city’ of four terminals to form a dimer lattice LA whose unit 
cell is shown in figure 3. Following the same procedure as Hsue et a1 (1975)’ we have 

277 

(A. 1) 

i I 

Figure 3. A unit cell of the dimer lattice LA 

t We use the standard definitions of critical-point exponents (Stanley 1971). 



Staggered eight-vertex model with four sublattices 82 1 

References 

Fan C and Wu F Y 1970 Phys. Rev. B 2 723-33 
Green H S and Hunt  C A 1964 Order-Disorder Phenomena ed. I Prigogine (New York: Interscience) 
Hsue C S, Lin K Y and Wu F Y 1975 Phys. Rev. B 12 429-37 
Lin K Y 1976a J. Phys. A :  Math. Gen. 9 581-91 
- 1976b J. Phys. A :  Math. Gen. 9 L183-6 
Lin K Y and Tang D L 1976 J. Phys. A :  Math. Gen. 9 1685-704 
Montroll E W 1964 Applied Combinatorial Mathematics ed. E F Beckenback (New York: Wiley) chap. 4 
Nagle J F and Temperley H N V 1968 J .  Math. Phys. 9 1020-6 
itanley H E 1971 Introduction ro Phase Transifions and Critical Phenomena (London: Oxford University 

v'aks V G, Larkin A I and Ovchinnikov Y N 1965 Zh. Eksp. Teor. Fiz. 49 1180-9 (1966 Sou. Phys.-JETP 22 
Press) chap. 4 

8 2 0-6) 


